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Computational methods are becoming commonly used in many areas of medi-
cal research. Recently, the field of Quantitative Systems Pharmacology (QSP)
emerged to address the need for mathematical models to capture the complex in-
terplay between therapeutic approaches and underlying disease pathophysiology.
In a sense, QSP modeling incorporates approaches from Physiologically based
pharmacokinetics (PBPK), systems biology, and disease modeling, with the ex-
plicit goal of model design and output being motivated by quantitative data. In
this dissertation, we propose a computational framework utilizing a generaliza-
tion of mathematical graphs called hypergraphs to model metabolic and disease
networks; we apply this framework directly to the combination therapy treatment
of Tuberculosis, combining heterogeneous data sources of gene expression levels
via microarray data and metabolic networks. Next, we demonstrate that ma-
chine learning architectures that have classically been applied to natural language
problems can be trained to learn network simulation equilibria, providing a proof-
of-concept of traditional machine learning approaches to a biological setting. We
transition into a literature review that examines the connection between infection
with SARS-CoV-2 and neurodegeneration through the lens of mitochondrial func-
tion. Next, we motivate and explore applications of the computational framework
used in treatment optimization of Tuberculosis to therapeutic biomarker identi-
fication in genetic variants of Parkinson’s Disease (PD). We also review publicly
available data sources for genetic variants of PD and propose a collaborative and

integrative computational platform for future model development.
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Chapter 1

General Introduction

1.1 Background on Mathematical Modeling

The challenges faced during drug development are numerous and varied, span-
ning a wide range of elds including (but not limited to) biochemistry, molecular
biology, systems biology, arti cial intelligence, regulatory practices, and computa-
tional costs. Within the past decade, there has been an expansion and adoption of
a eld known as QSP, a eld characterized by the study of the dynamic interaction

of a therapeutic agent with traditional systems biology frameworks. QSP expands
on traditional Systems Biology approaches by focusing on mathematical models
to characterize systems with an implicit focus on the availability of data sources
across di erent scales. For instance, a QSP approach may include a mathemati-
cal model for the underlying metabolic network and incorporate pharmacokinetic
(PK), pharmacodynamics, and patient outcome data. While the challenges faced
in drug development are varied, we will introduce and focus on only a select few
to motivate the applications within this dissertation. One such challenge in drug
development arises from the reuse and reapplication of clinically tested drugs to
new diseases; when there is an abundant number of available therapies with low
toxicity and the ability to be combined, a particular challenge arises in nding the
optimal treatment combination. More speci cally, given a set of possible drugs to
form a combination therapy, the question of how to choose the optimal therapy
becomes both physically and computationally expensive as the number of drugs
increases. This issue arises due to the fundamental concept in combinatorics of
choosing without replacement; for example, if there are 25 possible drugs to choose

from, picking a four-drug combination results in over 10,000 possible combination



therapies. As we will discuss in Chapter 2, nding the best combination therapy
for the treatment of Tuberculosis is an ongoing eld of study. An altogether dif-
ferent challenge arises when there is a limited understanding of the mechanism of
disease (MoD) or even the mechanism of action (MoA) of potential therapeutic
interventions. In this situation, there is a problem of evaluating the e cacy of a
trial therapy. A common approach is to identify biomarkers for the disease and the
therapy; biomarkers are measurable characteristics (e.g., presence of a metabolite
in a bio uid) that indicate (or support) speci c health outcomes or indicate out-
comes of biological processes. We will propose a QSP model for genetic variants
of Parkinson's Disease (PD) as a potential avenue to identify biomarkers associ-
ated with disease progression. Parkinson's Disease o ers a challenging application
as PD treatment is one such area that su ers from a lack of disease-modifying
therapies, relying on existing therapies that simply address symptoms.

The responses to these distinct di culties are understandably varied; we will
focus on computational and mathematical methods of addressing these challenges
in order to frame the discussions within this dissertation. Systems biology is a
eld that aims to understand how biological systems interact { examining a system
across many di erent scales, from micro- to macro-perspectives. For instance, in
studying combination therapies as an approach to the treatment of Tuberculosis,
systems can range from metabolic networks with Mycobacterium Tuberculosis all
the way to the host system in areas of infection.

Mathematical modeling can de-risk traditional approaches in pharmaceutical
development. Mathematical models can be broadly split into two di erent classes:
mechanistic and non-mechanistic. Mechanistic models aim to capture the un-
derlying biology/mechanism of disease, whereas non-mechanistic models aim to
characterize the behavior of a biological system based on statistical analysis of
outcomes.

QSP o ers a framework for mechanistic models; for instance, a model of drug

concentration in blood may be implemented as a system of di erential equations



describing the concentration of blood in various compartments within the body.
Additional mechanistic models may use as input the predicted drug concentration
in a speci c compartment to predict the e ect that a drug may have on disease
outcome. This approach can be supported by the non-mechanistic modeling of
longitudinal markers in clinical trial outcomes.

Mathematical models must strike a balance between complexity and applica-
bility; the number of parameters within a model correlates with the amount of
data needed in order to t those model parameters. As one might expect, models
with a large number of parameters may be able to more accurately describe a
biological system, but the accuracy may be meaningless if there is not su cient
data to nd the correct values of the parameters. When the available data in a
subject eld is sparse, compromises on the detail of the model must be made.

There are two famous quotes in the mathematical modeling eld that charac-
terize the relationship between model complexity and data availability; the rstis
attributed to John von Neumann, \With four parameters, | can t an elephant,
and with ve, | can make him wiggle his trunk.” If given a biological system, we
can keep adding parameters to our model to account for each detail of the system;
of course, with each new parameter, we require additional data in order to t the
model parameters. Additionally, there is the statistician George Box wrote, \All
models are wrong, some are useful.” We never aim to capture completely the
underlying behavior of the system, just the required amount in order to apply the
mathematical model to the problem.

Because of the reliance on available data to t model parameters, mathemati-
cal models are often created with prior knowledge about what data is available in
the problem domain. In this dissertation, we introduce a model for combination
therapies for the treatment of Tuberculosis { this work would look completely dif-
ferent if there were not already publicly available data about single-drug response

in Mycobacterium Tuberculosis.



1.2 Introduction to Applied Mathematical Mod-
eling

In order to reduce the barrier to entry for this dissertation, we provide a section
that introduces mathematical concepts key to modeling in the areas discussed
within. We will motivate and introduce basic di erential equations, compartmen-

tal models, and mathematical graphs as tools to model various scales of biological
systems.

In broad terms, di erential equations are equations that relate functions and
their derivatives. Recalling that the derivative of a function describes how that
function changes (with respect to its parameters), di erential equations describe
how quantities change.

A rst or second course in Calculus will generally introduce the \Fundamental
Theorem of Calculus" which (broadly speaking) describes integration as an inverse
process of taking the derivative. More precisely, Theorem 1.2.1 describes the

relationship between antiderivatives and derivatives.

Theorem 1.2.1. Let f be a continuous real-valued function de ned on a closed
interval [a; . Let F be the function de ned, for allx 2 [a; [, by F(x) = ;f(t)dt.
Then F is uniformly continuous on pg;lj and di erentiable on the open interval

(a;b), and Fqx) = f (x) for all x 2 (a;b).

When we use di erential equations as modeling tools, we say the di erential
equation isf from Theorem 1.2.1, and we look for its antiderivativel .

The term \simulation" within the context of di erential equations typically
refers to the process of: (1) de ning initial conditions for the system { meaning
what value the antiderivative starts at, (2) establishing a \time-horizon" that
de nes how long the simulation will last { meaning what interval do we want to
integrate over, and (3) numerically integrating the di erential equations. There
are many techniques for numerical integration, and the exact implementation of

the technique is outside of the scope for the topics discussed in this dissertation.



A classic application of di erential equations in biology is the Lotka-Volterra
model (typically shown in introductions to modeling in biology), which models

the relationship between predator and prey animals within an ecosystem.

dx

a X Xy (1.1)
dy _

Gt y + Xy (1.2)

In this setting, x andy are functions of time that correspond to the population lev-
els of the prey and predator, respectively. The parameters of the model,; ;
correspond to the growth rate and death rate of the prey and predator species,
respectively. We note that these equations describe the derivativesxo&nd y with
respect tot, the time. Additionally, as described earlier in the introduction, the
parameters of the model must be t using some observed data in order for this
model's predictions to be applicable.

The Lotka-Volterra equations for predator-prey interactions within an ecosys-
tem can be used to predict how the population of the predator species may change
if there is a sudden gain/loss of the prey species (and vice versa). An example
simulation of the Lotka-Volterra model is shown in Figure 1.1.

A perhaps even more well-known basic application of di erential equations in
biology following the outbreak of COVID-19 in 2020 is the so-called SIR model,
which describes the dynamics of \Susceptible", \Infectious"”, and \Removed" pop-
ulations during an outbreak. In a SIR model, we describe how the population of

S, I, and R change with respect to time { we de netS; 4. dR

dt’ dt’ dt
ds
= oIS (1.3)
dl
dt N S (1.4)
dR

b (1.5)



Figure 1.1: An example simulation of the Lotka-Volterra equations with initial
conditions x(0);y(0) = 4;2 and parameter values of; ; ; = 1. The time
horizon of this simulation ist 2 [0; 30].

In this setting, the meaning of the variables within the di erential equations
is the following: S(t);I(t);and R(t) are functions that describe the number of
people within the susceptible, infectious, and removed categories, respectively.
The parameters of the model,; , correspond to the infection rate and recovery
rate, respectively. An example simulation of Equation 1.3 is given in Figure 1.2,
note the equilibrium (all trajectories are \ at") that occurs beginning around the
time t = 6.

As one might notice, the traditional SIR model does not account for a plethora
of real-world conditions such as birth and death rates (the total population size
does not change during the simulation); re-infection with disease; or di erent
variants of the disease { this hearkens back the famous quote from George Box
and can be explained by saying that the majority of the infections during an
epidemic can be described by these three simple equations. Of course, this does
not mean that more complicated expansions of the SIR model do not exist, as
there has been much work in this direction [341].

The simplest de nition of a mathematical graph (also called a network) is

provided in De nition 1.2.1, but generally speaking, a graph contains nodes (also



Figure 1.2: An example simulation of the SIR equations with initial conditions
S(0);1(0); R(0) = (999;1;0) and parameter values of; = 1:1;1. The time
horizon for this simulation ist 2 [0; 30].

called vertices) and edges. The relationship between nodes is described by the

edges.

De nition 1.2.1  (Graph). A graph is an ordered pair,G = (V;E), whereV is a

set of vertices ancE is a set of edges: ff x;ygjx;y 2 V;x 6 yg.

Note that in the most basic de nition of a graph, De nition 1.2.1, the edges
have no direction; they are an unordered set of nodes (of size two). The concept
of a graph can be expanded into a directed graph by introducing direction to the
edges. An example of a directed graph may be a graph of a website, where distinct
pages on the domain are nodes, and edges correspond to the ability to navigate
from one page to another. In this dissertation, we will continue to expand on
the idea of a graph, introducing various de nitions that aim to more accurately
describe the relationship in biological networks.

Graphs can be applied to various biological systems of many di erent scales.
A practical example of a graph is a food web, where nodes within the graph are
species of animals in an ecosystem, and the edges within the graph correspond
to the predator-prey relationship between species within the ecosystem. In this

dissertation, we primarily focus on graphs generated by the relationships within



chemical reaction networks, metabolic networks, disease networks, or gene reg-
ulatory networks. In these networks, nodes often refer to chemical compounds,
metabolites, or genes, where edges correspond to chemical reactions or gene reg-
ulations.

We can combine the concepts of di erential equations and graphs in the fol-
lowing manner: we begin by encoding a process as a graph, then we can use the
structure of that graph to motivate di erential equations. To illustrate this pro-
cess, we use the simplistic example of a basic SIR model. Figure 1.3 demonstrates
the relationship between \Susceptible”, \Infectious"”, and \Removed" populations
during a pandemic. Stated simply, susceptible populations can become infectious,
and after a certain period of the disease, the infectious population can become re-
moved (e.g., develop immunity). We see these relationships encoded in the graph
of Figure 1.3 { edges denote the possibility of one population owing to another

population; the direction of the edges tells us the direction of the ow.

=
Figure 1.3: A graphical representation of the compartments from a SIR model.
Each node (blue circle) corresponds to a compartment within the model. Com-
partments (left to right) are \Susceptible”, \Infectious”, and \Removed". The
edges (black arrows) denote the relationship between compartments. Population
ows in the direction of the arrow { susceptible people can become infectious, and

infectious people can be removed. Edges are labeled with the corresponding terms
from Equations 1.3.

The graph from Figure 1.3 can be used to inform the dynamics of a system
of equations. Recalling Equations 1.3, we can attribute terms in the equations
to each edge within the graph, where the sign of the term is dependent on the
direction of the edge { negative terms correlate to edges leaving a node, where
positive terms correlate to edges entering nodes.

A similar approach as the one outlined above can be used for other biological

networks (such as metabolic networks). Nodes within these graphs correspond



to metabolites, and edges within the graphs correspond to biological processes
that take one metabolite to another. We typically impose dynamics that relate to
the amount of the metabolites (similar to how the dynamics in 1.3 relate to the
number of people). An important concept throughout is the further generalization

of a mathematical graph { we recount the de nition of a hypergraph, which allows
edges to connect more than two nodes; this generalization is particularly important
to capture the behavior of chemical reactions that include more than one substrate
or product. De nition 1.2.2 provides a more formal de nition of an ordered hyper
graph; while De nitions 1.2.1 and 1.2.2 may look similar, De nition 1.2.2 denotes

a hyperedge as an ordered pair of sets, not single elements.

De nition 1.2.2  (Hyper Graph). A hyper graph is an ordered pairG = (V; H),
where V is a set of vertices (or nodes) andd is a set of hyperedgesH

fOGY)X Y Vo

Figure 1.4 provides a basic example of a hypergraph from De nition 1.2.2

consisting of two directed hyperedges and ve nodes. The nodes of the (hyper)

sented by white circles,hy;h,. Using the notation from the De nition 1.2.2,

h, = (fveg;fvy;vog) and hy, = (fvy;Vog; fvs; v4Q); notice that the entries within

the hyperedge are sets as opposed to single vertices. In Chapter 2, we will further
expand on the concept of hypergraphs to so-called metabolic ubergraphs; how-
ever, the concept is similar. Furthermore, when using hypergraphs to represent
metabolic networks, hyperedgdr; may correspond to a dissociation chemical re-
action, whereas hyperedgé, may correspond to a chemical reaction with two
reactants and two products.

When studying biological systems through the lens of mathematical modeling,
we often care about the \steady-state" behavior. The \steady-state" behavior of
a system of di erential equations is formally referred to as the equilibria of the
system { it is important to note that the equilibria of the system are a function

of the parameters and initial conditions of the system. An informal description
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and two directed hyperedgesh; and h,. Nodes are depicted by blue circles, and
hyperedges are labeled using small white circles. Arrows indicate the direction of
the hyperedges.

of the equilibria of a system is, \What is the end state of the simulation when
the variables have stopped changing?" For example, we see that the simulation in
Figure 1.2 has reached an equilibrium state because the valuesSof; and R are
no longer changing (the lines are at). We typically run simulations long enough
to capture the steady-state behavior of the system. A motivating example of why
we care about the equilibria of a system is the following: consider a mathematical
model of a metabolic network within a bacterium when exposed to an antibiotic.
If we wish to compare two di erent antibiotics, we can compare the di erence
in equilibria achieved in the simulation under each antibiotic. The ow of the

\experiment" is the following:
1. Simulate the metabolic network without any antibiotic

2. Record the equilibrium when the bacterium is exposed to no antibiotic (ie,

the values of the metabolites)
3. Simulate the network with the rst antibiotic and record the new equilibrium

4. Simulate the network with the second antibiotic and record the new equilib-

rium

5. Compare the de ection of the metabolites between: (1) the untreated sys-

tem, (2) the rst antibiotic, (3) the second antibiotic
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In this example, comparing the de ection in the equilibria is just one method of
comparing two di erent antibiotics; we could also justi ably look at the maximum
rate of de ection of metabolites. As one might expect, mathematical modeling
gives us many ways to compare di erent treatments on biological systems, moti-
vating the development of metrics for drug e cacy, cost functions for treatment
optimization, and summary statistics for large biological systems. Later, we moti-

vate and introduce metrics for estimating therapeutic e cacy in di erent systems.

1.3 Overview of Chapters

Chapter 2 proposes a framework for simulating metabolic networks; discusses rig-
orous mathematical foundations for a generalized form of a hypergraph, and ap-
plies the framework to an example domain { namely, treatment optimization for
multi-combination therapies of Tuberculosis. This chapter begins by introducing a
computational pipeline that combines metabolic network information from the Ky-
oto Encyclopedia of Genes and Genomes (KEGG) with microarray gene expression
data from the Gene Expression Omnibus (GEO). The microarray data provides
information on how a single treatment a ects gene expression within Mycobac-
terium Tuberculosis; we combine multiple microarray datasets to represent the
e ect of combination therapies. Additionally, we identify areas of the metabolic
network associated with the genes that are di erentially expressed to model the
e ect of combination therapies on a network scale. Chapter 3 demonstrates a
novel application of a transformer architecture to biological networks, providing
insight into the fact that a language model may be able to learn complex network
structures and applies this approach to publicly available metabolic networks from
the Kyoto Encyclopedia of Genes and Genomes (KEGG). This chapter outlines
the generation of small, medium, and large networks to act as a training dataset
for the transformer architecture. In this project, we are interested in predicting

whether networks exhibit equilibria when simulated according to standard di er-
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ential equations (qualitative) and if a network does exhibit an equilibrium, what

is its value (quantitative). We then evaluated the performance of the qualita-
tive and quantitative learning on the di erent network sizes and evaluated the
model on metabolic networks from KEGG. Chapter 4 provides a review of the
early evidence for the link between neurodegeneration and severe acrute respira-
tory syndrome coronavirus 2 (SARS-CoV-2) infection. Throughout this chapter,
we provide a review of the literature (prior to October 2022) that proposed a link
between COVID-19 and mitochondrial dysfunction; as such, the review addresses
the neurodegenerative implications of COVID-19 through the lens of mitochon-
drial function. Chapter 5 provides a review of the common biological processes
implicated by GBA1 and LRRK2 variants of Parkinson's Disease (PD), provides
a review of previous applications of mechanistic models within the clinical trial
pipeline, describes the available data sources for a biomarker-focused model of
PD, and motivates the need for a mechanistic model of PD. This chapter also
outlines the general areas of pre-clinical and clinical stages of drug development
while simultaneously summarizing applications of QSP models to pre-clinical and
clinical drug development. Chapter 6 demonstrates the individual components of
a QSP model for genetic variants of PD with the model focusing on therapeu-
tic biomarker identi cation as motivated in Chapter 5 and 7; this chapter also
introduces tools to support a QSP model when there is a lack data availability.
Chapter 7 discusses how involvement of PD patient populations within traditional
model development pipelines (across various computational platforms) may lead
to better patient outcomes and research, this chapter also proposes a collaborative

framework for general model development across several institutions.
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Chapter 2

A pipeline for testing drug mechanism of action
and combination therapies: From microarray
data to simulations via
Linear-In-Flux-Expressions: Testing four-drug

combinations for tuberculosis treatment

This chapter was originally published online on May 19, 2023, and is published in

nal edited form as [77].
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2.1 Chapter Overview

Computational methods are becoming commonly used in many areas of medical
research. Recently, the modeling of biological mechanisms associated with disease
pathophysiology have bene ted from approaches such as Quantitative Systems
Pharmacology (brie y QSP) and Physiologically Based Pharmacokinetics (brie y
PBPK). These methodologies show the potential to enhance, if not substitute ani-
mal models. The main reasons for this success are the high accuracy and low cost.
Solid mathematical foundations of such methods, such as compartmental systems
and ux balance analysis, provide a good base on which to build computational
tools. However, there are many choices to be made in model design, that will
have a large impact on how these methods perform as we scale up the network
or perturb the system to uncover the mechanisms of action of new compounds
or therapy combinations. A computational pipeline is presented here that starts
with available-omic data and utilizes advanced mathematical simulations to inform
the modeling of a biochemical system. Speci c attention is devoted to creating a
modular work ow, including the mathematical rigorous tools to represent complex
chemical reactions, and modeling drug action in terms of its impact on multiple
pathways. An application to optimizing combination therapy for Tuberculosis

shows the potential of the approach.

2.2 Introduction

The eld of mechanistic modeling lies at the intersection of mathematical and bio-
logical sciences [15, 38, 177, 310]. The aim of mechanistic models is to capture and
simulate underlying biological systems which are relevant to an applied problem.
This eld has been expanding as the availability of computational power and mech-
anistic data becomes more prevalent [44, 20, 151, 66, 219]. There has also been an
increase in big data in the systems biology eld, which makes establishing model

priors more readily available. Note that mechanistic models contrast arti cial in-
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telligence models as they are typically built with reference to known biological
systems - contrasting the \black box" behavior of arti cial intelligence models.
In this paper, we will introduce a pipeline that was created with the intention to
investigate drug mechanism of action for single and combination therapies.

There exist many approaches to mechanistic modeling, and this area is rich
and shows promises of expanding [252, 171]. There has been a call for this type of
modeling as it 0 ers a cheaper alternative to running translational and pre-clinical
studies. Moreover, the accessibility of large genomic data sets makes populating
necessary model priors more feasible.

Prior research in this eld includes several methods of modeling - some more
easily tied to underlying biology than others. Graph theory approaches, ordinary
di erential equation approaches, boolean network modeling, and agent-based mod-
eling all serve to o er a foundation for mechanistic models [38]. In this paper, we
will discuss a pipeline that uses a variation of the typical Flux-Balance-Analysis
and ordinary di erential equations approach.

As a motivation for the necessity of this pipeline, there is an ever-present inter-
est in model-informed drug development (MIDD) [252, 171]. Traditional methods
of drug development are costly and time-consuming and do not translate well
for some diseases. Some treatments for diseases also lack robust biomarkers for
drug-target engagement, making it di cult to gauge treatment performance dur-
ing clinical trials [175]. Mechanistic modeling o ers a possibility to alleviate both
of these issues. For instance, it may be infeasible for certain diseases to have all
or most of the potential treatments tested in a pre-clinical or translational model
[101, 320]. Speci cally, the treatment for Tuberculosis may involve a combination
of 3-4 antibiotics over the course of 6 months. In order to demonstrate how quickly
the treatment space for combination therapies increases, we show an example of
the number of possible 3 and 4-treatment combinations if there are a total of
20 treatments. If there are 20 potential antibiotics, then there are 20 choose 3

(1140) plus 20 choose 4 (4845), resulting in 5985 potential combinations to test.
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Mechanistic modeling o ers an avenue to narrow down this wide eld of potential
combinations, aid in combination design, and prioritize combinations to test in
pre-clinical models, hence de-risking and informing the translation into the clinic.

In the following sections, we will describe a conceptual, computational pipeline
that describes how to capture pathologically-relevant metabolic pathways and
utilizes available genetic data to predict treatment e cacy. As expected, the
pipeline requires two key types of data: genetic data for gene expression levels
and metabolic pathway data (e.g. RNAseq and metabolomics). This pipeline is
built o of a variation of FBA techniques known as Linear-In-Flux-Expressions
(LIFE) which encompass more complex dynamics with respect to traditional FBA
[210]. A description of the LIFE method can be found in section 2.4.4. The LIFE
methodology writes a system of ordinary di erential equations ag = S(x) f, as
opposed tox = S(f) x, leveraging the natural linearity of biological systems w.r.t.
uxes when encoding metabolic networks using hypergraphs. Non-linearities are
captured via the implementation of Michaelis-Menten kinetics. In turn, the ap-
proach allows a better computational characterization of system equilibria and
simulations [209, 218].

The computational pipeline allows for the simulation of single and combination
therapies over metabolic pathways and is composed of multiple stages. We begin
the paper with a Section 2.3 that o ers a rough overview of each of the steps,
see Figure 2.1. This serves as a soft introduction to the language of the paper.
The following Section 2.4 provides a detailed explanation of these same steps as
in Figure 2.1. Then, in Section 2.5 we provide a concrete example by applying the
pipeline to a speci ¢ problem: the treatment selection for Tuberculosis expanding

the methods of [212].
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