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Abstract

We propose a new stochastic gradient method for optimizing the sum of a finite set of
smooth functions, where the sum is strongly convex. While standard stochastic gradient meth-
ods converge at sublinear rates for this problem, the proposed method incorporates a memory
of previous gradient values in order to achieve a linear convergence rate. In a machine learning
context, numerical experiments indicate that the new algorithm can dramatically outperform
standard algorithms, both in terms of optimizing the training objective and reducing the testing
objective quickly.

1 Introduction

A plethora of the problems arising in machine learning involve computing an approximate minimizer
of a function that sums a loss function over a large number of training examples, where there is a
large amount of redundancy between examples. The most wildly successful class of algorithms for
taking advantage of this type of problem structure are stochastic gradient (SG) methods (Robbins
and Monro, (1951} Bottou and LeCun, 2003)). Although the theory behind SG methods allows them
to be applied more generally, in the context of machine learning SG methods are typically used to
solve the problem of optimizing a sample average over a finite training set, i.e.,
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In this work, we focus on such finite training data problems where each f; is smooth and the average

function g is strongly-convez.

As an example, in the case of {o-regularized logistic regression, we have fi(z) := 3| z||> + log(1 +

exp(—b;al'z)), where a; € RP and b; € {—1,1} are the training examples associated with a bi-



nary classification problem and A is a regularization parameter. More generally, any /s-regularized
empirical risk minimization problem of the form

A 1 &
minimize 5||xu2+gizzlli<m>, 2)

falls in the framework of if the loss functions I; are convex and smooth. An extensive list of
convex loss functions used in machine learning is given by Teo et al.| (2007)), and we can even include
non-smooth loss functions (or regularizers) by using smooth approximations.

For optimizing , the standard full gradient (FG) method, which dates back to |Cauchy| (1847)),
uses iterations of the form
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Using x* to denote the unique minimizer of g, the FG method with a constant step size achieves a
linear convergence rate,
g(z") —g(a*) = 0(p"),

for some p < 1 which depends on the condition number of g (Nesterov, |2004, Theorem 2.1.15).
Linear convergence is also known as geometric or exponential convergence, because the error is cut
by a fixed fraction on each iteration. Despite the fast convergence rate of the FG method, it can
be unappealing when n is large because its iteration cost scales linearly in n. SG methods, on the
other hand, have an iteration cost which is independent of n, making them suited for that setting.
The basic SG method for optimizing uses iterations of the form

karl _ l‘k _ ak’fi/k (xk)7 (4)

where «y, is a step-size and a training example iy is selected uniformly among the set {1,...,n}.
The randomly chosen gradient f; (z*) yields an unbiased estimate of the true training gradient
g' (%), and one can show under standard assumptions that, for a suitably chosen decreasing step-
size sequence {ay}, the SG iterations achieve the sublinear convergence rate

Elg(a")] - g(2*) = O(1/k),

where the expectation is taken with respect to the selection of the iy variables. Under certain assump-
tions this convergence rate is optimal for strongly-convex optimization in a model of computation
where the algorithm only accesses the function through unbiased measurements of its objective and
gradient (see Nemirovski and Yudin| (1983)); [Nemirovski et al.| (2009)); [Agarwal et al.| (2010))). Thus,
we cannot hope to obtain a better convergence rate if the algorithm only relies on unbiased gradient
measurements. Nevertheless, by using the stronger assumption that the functions are sampled from
a finite dataset, in this paper we show that we can achieve an exponential convergence rate while
preserving the iteration complexity of SG methods.

The primary contribution of this work is the analysis of a new algorithm that we call the stochastic
average gradient (SAG) method, a randomized variant of the incremental aggregated gradient (IAG)



method of Blatt et al.| (2008]) which combines the low iteration cost of SG methods with a linear
convergence rate as in FG methods. SAG uses iterations of the form

n
k41 E_ Gk k
RS s )
n <
i=1
where at each iteration a random training example iy is selected and we set

fl(x®) if i =g,
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! y"=1 otherwise.

That is, like the FG method, the step incorporates a gradient with respect to each training example.
But, like the SG method, each iteration only computes the gradient with respect to a single training
example and the cost of the iterations is independent of n. Despite the low cost of the SAG
iterations, we show in this paper that the SAG iterations have a linear convergence rate, like the
FG method. That is, by having access to iy, and by keeping a memory of the most recent gradient
value computed for each training example ¢, this iteration achieves a faster convergence rate than is
possible for standard stochastic gradient methods.

In a machine learning context where g(z) is a training objective associated with a predictor param-
eterized by x, we are often ultimately interested in the testing objective, i.e., the expected loss on
unseen data points. Note that a linear convergence rate for the training objective does not translate
into a similar rate for the testing objective, and an appealing propertly of SG methods is that they
achieve the optimal O(1/k) rate for the testing objective as long as every datapoint is seen only once.
However, as is common in machine learning, we assume that we are only given a finite training data
set and thus that datapoints are revisited multiple times. In this context, the analysis of SG meth-
ods only applies to the training objective and, although our analysis also focuses on the training
objective, in our experiments the SAG method typically reached the optimal testing objective faster
than both FG and SG methods.

In the next section, we review several closely-related algorithms from the literature, including pre-
vious attempts to combine the appealing aspects of FG and SG methods. However, despite 60 years
of extensive research on SG methods, with a significant portion of the applications focusing on finite
datasets, we are not aware of any other SG method that achieves a linear convergence rate while
preserving the iteration cost of standard SG methods. Section [3|states the (standard) assumptions
underlying our analysis and gives the main technical results, while Section [ discusses practical
implementation issues. Section [5] presents a numerical comparison of an implementation based on
SAG to SG and FG methods, indicating that the method may be very useful for problems where we
can only afford to do a few passes through a data set.

2 Related Work

There is a large variety of approaches available to accelerate the convergence of SG methods, and a
full review of this immense literature would be outside the scope of this work. Below, we comment
on the relationships between the new method and several of the most closely-related ideas.

Momentum: SG methods that incorporate a momentum term use iterations of the form

"t = ok — ] (a¥) + Br(a® — 2P,



see[T'seng| (1998). It is common to set all 5, = S for some constant 5, and in this case we can rewrite
the SG with momentum method as

k s .
oM =gk =37 a8 ().
We can re-write the SAG updates in a similar form as

e = ah = YN S (sina) ] (a7), (6)

where the selection function S(j,1.x) is equal to 1/n if j corresponds to the last iteration where j = iy
and is set to 0 otherwise. Thus, momentum uses a geometric weighting of previous gradients while
the SAG iterations select the most recent evaluation of each previous gradient. While momentum
can lead to improved practical performance, it still requires the use of a decreasing sequence of step
sizes and is not known to lead to a faster convergence rate.

Gradient Averaging: Closely related to momentum is using the sample average of all previous
gradients,

gkt =gk — gk ?:1 z/J (),
which is similar to the SAG iteration in the form but where all previous gradients are used. This
approach is used in the dual averaging method (Nesterov, 2009) and, while this averaging procedure
leads to convergence for a constant step size and can improve the constants in the convergence
rate (Xiaoj 2010), it does not improve on the O(1/k) rate.

Iterate Averaging: Rather than averaging the gradients, some authors propose to perform the
basic SG iteration but use the average of the z* over all k as the final estimator. With a suit-
able choice of step-sizes, this gives the same asymptotic efficiency as Newton-like second-order SG
methods and also leads to increased robustness of the convergence rate to the exact sequence of
step sizes (Polyak and Juditsky, [1992)). Baher’s method (Kushner and Yinl 2003| §1.3.4) combines
gradient averaging with online iterate averaging and also displays appealing asymptotic properties.
However, the convergence rates of these averaging methods remain sublinear.

Stochastic versions of FG methods: Various options are available to accelerate the convergence
of the FG method for smooth functions, such as the accelerated full gradient (AFG) method of Nes-
terov| (1983), as well as classical techniques based on quadratic approximations such as non-linear
conjugate gradient, quasi-Newton, and Hessian-free Newton methods. Several authors have pre-
sented stochastic variants of these algorithms (Sunehag et all 2009; Ghadimi and Lan|, 2010; [Xiaol
2010). Under certain conditions these variants are convergent and improve on the constant in the
O(1/k) rate (Sunehag et al [2009). Alternately, if we split the convergence rate into a deterministic
and stochastic part, it improves the convergence rate of the deterministic part (Ghadimi and Lan,
2010; [ Xiao, 2010). However, as with all other methods we have discussed thus far in this section, we
are not aware of any existing method of this flavor that improves on the O(1/k) rate.

Constant step size: If the SG iterations are used with a constant step size (rather than a decreasing
sequence), then Nedic and Bertsekas| (2000, Proposition 2.4) showed that the convergence rate of
the method can be split into two parts. The first part depends on k and converges linearly to 0. The
second part is independent of k£ and does not converge to 0. Thus, with a constant step size, the
SG iterations have a linear convergence rate up to some tolerance, and in general after this point
the iterations do not make further progress. Indeed, convergence of the basic SG method with a
constant step size has only been shown under extremely strong assumptions about the relationship
between the functions f; (Solodovl [1998). This contrasts with the method we present in this work
which converges to the optimal solution using a constant step size and does so with a linear rate
(without additional assumptions).

Accelerated methods: Accelerated SG methods, which despite their name are not related to
the aforementioned AFG method, take advantage of the fast convergence rate of SG methods with



a constant step size. In particular, accelerated SG methods use a constant step size by default,
and only decrease the step size on iterations where the inner-product between successive gradient
estimates is negative (Kesten) [1958; |Delyon and Juditsky [1993). This leads to convergence of the
method and allows it to potentially achieve periods of linear convergence where the step size stays
constant. However, the overall convergence rate of the method remains sublinear.

Hybrid Methods: Some authors have proposed variants of the SG method for problems of the
form that seek to gradually transform the iterates into the FG method in order to achieve a linear
convergence rate. Bertsekas proposes to go through the data cyclically with a specialized weighting
that allows the method to achieve a linear convergence rate for strongly-convex quadratic func-
tions (Bertsekas|, [1997). However, the weighting is numerically unstable and the linear convergence
rate presented treats full cycles as iterations. A related strategy is to group the f; functions into
‘batches’ of increasing size and performing SG iterations on the batches (Friedlander and Schmidt,
2011). In both cases, the iterations that achieve the linear rate have a cost that is not independent
of n, as opposed to SAG.

Incremental Aggregated Gradient: Finally, Blatt et al.| (2008) presented the most closely-related
algorithm, the IAG method. This method is identical to the SAG iteration , but uses a cyclic
choice of i; rather than sampling the i; values. This distinction has several important consequences.
In particular, Blatt et al. are only able to show that the convergence rate is linear for strongly-convex
quadratic functions (without deriving an explicit rate), and their analysis treats full passes through
the data as iterations. Using a non-trivial extension of their analysis and a novel proof technique
involving bounding the gradient and iterates simultaneously by a Lyapunov potential function, in
this work we give an explicit linear convergence rate for general strongly-convez functions using the
SAG iterations that only examine a single training ezample. Further, as our analysis and experiments
show, when the number of training examples is sufficiently large, the SAG iterations achieve a linear
convergence rate under a much larger set of step sizes than the IAG method. This leads to more
robustness to the selection of the step size and also, if suitably chosen, leads to a faster convergence
rate and improved practical performance. We also emphasize that in our experiments IAG is not
faster than regular full gradient descent, while SAG is, showing that the simple change (random
selection vs. cycling) can dramatically improve optimization performance.

3 Convergence Analysis

In our analysis we assume that each function f; in is differentiable and that each gradient f is
Lipschitz-continuous with constant L, meaning that for all  and y in RP we have

Ifi(x) = fi)ll < Lijz = yll. (7)
This is a fairly weak assumption on the f; functions, and in cases where the f; are twice-differentiable
it is equivalent to saying that the eigenvalues of the Hessians of each f; are bounded above by L. In
addition, we also assume that the average function g = % >oi, fi is strongly-convex with constant
p > 0, meaning that the function 2 — g(z) — 4||z||* is convex. This is a stronger assumption
and is not satisfied by all machine learning models. However, note that in machine learning we
are typically free to choose the regularizer, and we can always add an fs-regularization term as
in Eq. to transform any convex problem into a strongly-convex problem (in this case we have
i > A). Note that strong-convexity implies that the problem is solvable, meaning that there exists
some unique x* that achieves the optimal function value. Our convergence results assume that we
initialize y? to a zero vector for all i. We denote the variance of the gradients at the optimum z*
by 02 = 13 || f/(z*)||>. Finally, all our convergence results consider expectations with respect to
the internal randomization of the algorithm, and not with respect to the data (which are assumed
to be deterministic and fixed).



We first consider the convergence rate of the method when using a constant step size of oy =
which is similar to the step size needed for convergence of the IAG method in practice.

1
2nL?

Proposition 1 With a constant step size of ay = QT%L, the SAG iterations satisfy for k > 1:

E [ka _ x*||2] < (1 _ L)k[?)”a?o _ l‘*HQ + 72
8Ln

The proof is given in the Appendix. Note that the SAG iterations also obtain the O(1/k) rate of

SG methods, since
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albeit with a constant which is proportional to n. Despite this constant, they are advantageous
over SG methods in later iterations because they obtain an exponential convergence rate as in FG
methods. We also note that an exponential convergence rate is obtained for any constant step size
smaller than %

2nL"

Empirically, with a step size of oy = 1/2nL, the SAG iterations behave in a similar way to the IAG
iterations with the same step size or the FG method with a step size of 1/2L. Thus, with this small
step size, there is not a large difference between these three methods. However, our next result
shows that, if the number of training examples is slightly larger than L/u (which will often be the
case, as discussed in Section @, then the SAG iterations can use a much larger step size and obtain
a better convergence rate that depends on the number of training examples but not on p or L.

8L 1
Proposition 2 If n > —, with a step size of ap = I the SAG iterations satisfy for k > n:
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The proof is given in the Appendix. In this result we assume that the first n iterations of the
algorithm use stochastic gradient descent and that we initialize the subsequent SAG iterations
with the average of the iterates, which is why we state the result for & > n. This also leads to
an O((logn)/k) rate while if we used the SAG iterations from the beginning we can obtain the
same provable convergence rate but the constant is again proportional to n. Note that this bound
is obtained when initializing all y; to zero after the stochastic gradient phaseE| However, in our
experiments we do not use this initialization but rather use a minor variant of SAG (discussed in the
next section), which appears more difficult to analyze but which gives better empirical performance.
Further, though n appears in the convergence rate, if we perform n iterations of SAG (i.e., one
effective pass through the data), the error is multiplied by (1 — 1/8n)" < exp(—1/8), which is
independent of n. Thus, each pass through the data reduces the excess objective by a constant
multiplicative factor that is independent of the problem, as long as n > 8L/p.

8 we can choose = 8& and thus

n’ n

Since Proposition [2is true for all the values of y satisfying & >
a step size as large as o, = ﬁ, and still get the same convergence rate. Note that we have observed
1

in practice that the IAG method with a step size of ay, = e and the FG method with a step size

I'While it may appear suboptimal to not use the gradients computed during the n iterations of stochastic gradient
descent, using them only improves the bound by a constant.



of ﬁ may diverge, even under these assumptions. Thus, for certain problems the SAG iterations
can tolerate a much larger step size, which leads to increased robustness to the selection of the step
size. Further, as our analysis and experiments indicate, the ability to use a large step size leads to
improved performance of the SAG iterations.

While we have stated Proposition 1 in terms of the iterates and Proposition 2 in terms of the function
values, the rates obtained on iterates and function values are equivalent because, by the Lipschitz
and strong-convexity assumptions, we have 4||z% — 2*(|2 < g(a*) — g(z*) < L||a* — 27|

4 Implementation Details

In order to simplify the analysis, above we considered a basic canonical variant of the algorithm. In
this section, we describe modifications that prove useful in practice.

First, while Proposition [2 assumes that the first n iterations use an SG method and that we then set
all y; to 0, in our experiments we found that it was more effective to simply run the SAG algorithm
from the very first iteration, but replacing the factor n in the objective function by m, the number of
unique i values we have sampled so far (which converges to n). Although this modification appears
more difficult to analyze, in our experiments this modified SAG algorithm performed better than
using the SG method for the first iteration, and it has the advantage that we only need to estimate
a single constant step size. Another important modification for ¢s-regularized objectives is that we
can use the exact gradient of the regularizer, rather than building an approximation of it. With
these two changes, the modified SAG iterations take the simple form

d(—d—yi
yi < (")
d<—d+y;

xe(lfa)\)x—%d.

For data sets with sparse loss gradients I(z*) resulting from a sparse dependency on x*, the sparsity
pattern will lead to a reduced storage cost of the y; variables but the iteration appears unappealing
because the update of x is always a dense vector operation. However, by taking advantage of the
simple form of sequences of updates for elements of d that do not change and by tracking the last
time a variable changed, we can apply ‘just in time’ updates to compute all needed elements of xy,
which means that the iteration cost is proportional to the sparsity level of I}(xy).

In our experiments, we found that the SAG algorithm can allow a much larger step size than indicated
in our analysis. Indeed, from extensive experimentation we conjecture that, when p/L is small, a
step size of & = 1/L gives a convergence rate of (1 — /L), the same as the FG method but with
iterations that are n times cheaper, though we have been unable to prove this result. Further, we
found that a step size of 2/(L+nu), which corresponds to the best fixed step size for the FG method
in the special case of n = 1 (Nesterov, 2004, Theorem 2.1.15), yields even better performance. In
cases where L is not known, we also experimented with a basic line-search, where we start with an
initial estimate of Ly, and double this estimate whenever the instantiated Lipschitz inequality

Ly

2t — o,

[fzk (xk+1) _ fzk(xk)] < lek (xk)/(a:kJrl ka) +

is not satisfied but the quantities in the inequality are above numerical precision.



5 Experimental Results

In our experiments, we compared an extensive variety of competitive FG and SG methods, as well
as the IAG method. First, we compared the train and test performance of algorithms which do not
rely on dataset-dependent tuning parameters. Then, we focused on the optimization performance
of a wider range of methods where the optimal parameters were chosen in hindsight.

5.1 Parameter-free methods

In this set of experiments, we compared a variety of methods which do not have dataset-dependent
tuning parameters (with the exception of the AFG method):

— Steepest: The full gradient method described by iteration (3)), with a line-search that uses cubic
Hermite polynomial interpolation to find a step size satisfying the strong Wolfe conditions, and
where the parameters of the line-search were tuned for the problems at hand.

— AFG: Nesterov’s accelerated full gradient method (Nesterov, (1983)), where iterations of with
a fixed step size are interleaved with an extrapolation step. We report the performance of the
method using the best step-size among all powers of 2.

— L-BFGS: A publicly-available limited-memory quasi-Newton method that has been tuned for
log-linear modelsE| This method is by far the most complicated method we considered.

— Pegasos: The state-of-the-art SG method described by iteration with step size of o, = 1/uk
and a projection step onto a norm-ball known to contain the optimal solution (Shalev-Shwartz
et al., 2007)).

— RDA: The regularized dual averaging method of Xiao| (2010), another recent state-of-the-art
SG method.

— SAG: The proposed stochastic average gradient method described by iteration using the
modifications discussed in the previous section. We tested a constant step-size of ay, = 2/(L +
nu), and with a step-size of a = 1/Ly using the line-search described in the previous section
to estimate L (we set Lo = 1).

The theoretical convergence rates suggest the following strategies for deciding on whether to use an
FG or an SG method:

1. If we can only afford one pass through the data, then the SG method should be used.

2. If we can afford to do many passes through the data (say, several hundred), then an FG method
should be used.

We expect that the SAG iterations will be most useful between these two extremes, where we can
afford to do more than one pass through the data but cannot afford to do enough passes to warrant
using FG algorithms like AFG or L-BFGS. To test whether this is indeed the case on real data
sets, we performed experiments on the set of freely available benchmark binary classification data
sets. The quantum (p = 50000, p = 78) and protein (n = 145751, p = 74) data set was obtained
from the KDD Cup 2004 websiteﬂ the sido data sets were obtained from the Causality Workbench
Websiteﬂ while the rcvl (n = 20242, p = 47236) and covertype (n = 581012, p = 54) data sets were
obtained from the LIBSVM Data website Although our method can be applied to all strongly-

2http://www.di.ens.fr/~mschmidt/Software/minFunc.html
Shttp://osmot.cs.cornell.edu/kddcup
4http://www.causality.inf.ethz.ch/home.php
5http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets
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convex functions, on these data sets we focus on an fs-regularized logistic regression problem, with
A = 1/n. We split each dataset in two, training on one half and testing on the other half. We added
a (regularized) bias term to all data sets, and for dense features we standardized so that they would
have a mean of zero and a variance of one. In all the experiments, we measure the training and
testing objectives as a function of the number of effective passes through the data. These results
are thus independent of the practical implementation of the algorithms. We plot the training and
testing objectives of the different methods for 30 effective passes through the data in Figure[l}

We can observe several trends across the experiments:

— FG vs. SG: Although the performance of SG methods can be catastrophic if the step size is
not chosen carefully (e.g., the covertype data), with a carefully-chosen step size the SG methods
do substantially better than FG methods on the first few passes through the data (e.g., the rcv1
data). In contrast, FG methods are not sensitive to the step size and because of their steady
progress we also see that FG methods slowly catch up to the SG methods and eventually (or
will eventually) pass them (e.g., the protein data).

— (FG and SG) vs. SAG: The SAG iterations seem to achieve the best of both worlds. They
start out substantially better than FG methods, but continue to make steady (linear) progress
which leads to better performance than SG methods. In some cases (protein and covertype),
the significant speed-up observed for SAG in reaching low training objectives also translates to
reaching the optimal testing objective more quickly than the other methods.

5.2 Searching for best step-sizes

In this series of experiments, we sought to test whether SG methods with a carefully chosen step
size would be competitive with the SAG iterations. In particular, we compared the following variety
of basic FG and SG methods.

1. FG: The full gradient method described by iteration .

2. AFG: The accelerated full gradient method of Nesterov, where iterations of are interleaved
with an extrapolation step.

3. peg: The pegasos algorithm (Shalev-Shwartz et al., 2007), but where we multiply the step
size by a constant.

4. ASG: The stochastic gradient method described by iteration , using a either a constant
step size or using ap = O(1/p?*/3) where p is number of effective passes, and averaging the
iterates (which we found gave better results with these large step sizes).

5. IAG: The incremental aggregated gradient method (Blatt et al. |2008) described by itera-
tion but with a cyclic choice of i,. We used the modifications discussed in Section which
we found gave better performance.

6. SAG: The proposed stochastic average gradient method described by iteration with the
modifications discussed in Section [l

For all of the above methods, we chose the step size that gave the best performance among powers of
10. In Figure[2] we compared these methods to each other using the selected step sizes, as well as the
L-BFGS and SAG algorithms from the previous experiment. In this experiment we see that using a
constant or nearly constant step size within SG methods and using averaging tends to perform much
better than the basic SG method implemented by pegasos. This makes sense because SG methods
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Figure 1: Comparison of optimization strategies for ¢s-regularized logistic regression. Left: training
excess objective. Middle: testing objective. Right: test errors. From top to bottom are the results
on the protein, rcvl, covertype, quantum and sido data sets. This figure is best viewed in colour.
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Figure 2: Comparison of optimization strategies that choose the best step-size in hindsight.

with a constant step size have a linear convergence rate when far from the solution[f] However, the
performance is still typically not comparable to that of the SAG iterations, which achieve a linear
convergence rate even when close to the solution. Finally, we observe an unexpected trend across
these experiments:

— IAG vs. SAG: Our experiments show that the IAG method does not improve over regular FG
methods, but they also show the surprising result that the randomized SAG method outperforms
the closely-related deterministic IAG method by a very large margin. This is due to the larger
step sizes used by the SAG iterations, which would cause TAG to diverge.

6 Discussion

Mini-batches: Because of the use of vectorization and parallelism in modern architectures, practical
SG implementations often group training examples into ‘mini-batches’ and perform SG iterations
on the mini-batches. We can also use mini-batches within the SAG iterations, and our analysis even
provides some guidance on the choice of mini-batch size. Specifically, in machine learning problems
we can often obtain an estimate of L and p and we can use these to ensure that the number of
mini-batches is large enough to allow using the larger step-size from Proposition 2. Mini-batches
also lessen the storage requirements of the algorithm, since we only need to store a vector y; for each
mini-batch rather than each training example.

Optimal regularization strength: One might wonder if the additional hypothesis in Proposition 2
is satisfied in practice. In a learning context, where each function f; is the loss associated to a single
data point in a linear model, L is equal to the largest value of the loss second derivative (1 for the

6We have also compared to a variety of other SG methods, including SG with momentum, SG with gradient
averaging, regularized dual averaging, the accelerated SG method, and SG methods where averaging is delayed until
after the first iteration. However, among all the SG methods we tried, the ASG methods above gave the best
performance so we only plot these to keep the plots simple.
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square loss, 1/4 for the logistic loss) times the uniform bound R on the norm of each data point.
Thus, the constraint £ > % is satisfied when \ > %. In low-dimensional settings, the optimal
regularization parameter is of the form C/n (Liang et all [2009) where C is a scalar constant,
and may thus violate the constraint. However, the improvement with respect to regularization
parameters of the form A = C'/y/n is known to be asymptotically negligible, and in any case in such
low-dimensional settings, regular stochastic or batch gradient descent may be efficient enough in
practice. In the more interesting high-dimensional settings where the dimension p of our covariates
is not small compared to the sample size n, then all theoretical analyses we are aware of advocate
settings of A which satisfy this constraint. For example, [Sridharan et al.| (2008) consider parameters
of the form A\ = % in the parametric setting, while [Eberts and Steinwart| (2011) consider A = %

with 8 < 1 in a non-parametric setting.

Training error vs. testing objective: The theoretical contribution of this work is limited to
the convergence rate of the training objective. Though there are several settings where this is
the metric of interest (e.g., variational inference in graphical models), in many cases one will be
interested in the convergence speed of the testing objective. Since the O(1/k) convergence rate of
the testing objective, achieved by SG with decreasing step sizes (assuming a single pass through
the data), is provably optimal when the algorithm only accesses the function through unbiased
measurements of the objective and its gradient, it is unlikely that one can obtain a linear convergence
rate for the testing objective with the SAG iterations. However, as shown in our experiments, the
testing objective often reaches its minimum quicker than existing SG methods, and we could expect
to improve the constant in the O(1/k) convergence rate, as is the case with online second-order
methods (Bottou and Bousquet), 2008)).

Algorithm extensions: Our analysis and experiments focused on using a particular gradient ap-
proximation within the simplest possible gradient method. However, there are a variety of alternative
gradient methods available. It would be interesting to explore SAG-like versions of AFG methods
and other classical optimization methods. It is intriguing to consider whether better performance
could be achieved by approximating second-order information about the function. Other interesting
directions of future work include using non-uniform sampling (such as sampling proportional to the
Lipschitz constant of each function), proximal-gradient variants of the method for constrained and
non-smooth optimization, and exploring variants of the SAG iteration that, following |Agarwal and
Duchif (2011)), work on large-scale distributed architectures but preserve the fast convergence rates.

Step-size selection and termination criteria: The three major disadvantages of SG methods
are: (i) the slow convergence rate, (ii) deciding when to terminate the algorithm, and (iii) choosing
the step size while running the algorithm. This paper showed that the SAG iterations achieve a
much faster convergence rate, but the SAG iterations may also be advantageous in terms of step
sizes and termination criterion. In particular, the SAG iterations suggest a natural termination
criterion; since the step size stays constant, we can use ||(z* — 2¥71)/al| as an approximation of
the optimality of z*. Further, while SG methods require specifying a sequence of step sizes and
mis-specifying this sequence can have a disastrous effect on the convergence rate (Nemirovski et al.|
2009, §2.1), our theory shows that the SAG iterations iterations achieve a linear convergence rate
for any sufficiently small constant step size and our experiments indicate that a simple line-search
gives strong performance.

12



Appendix: Proofs of the propositions

We present here the proofs of Propositions [I] and [2}

A.1 Problem set-up and notations

We use g = %2?21 fi to denote a u—strongly convex function, where the functions f;, ¢ =1,...,n
are convex functions from R? to R with L-Lipschitz continuous gradients. Let us denote by z* the
unique minimizer of g.

For k > 1, the stochastic average gradient algorithm performs the recursion

n
k k-1 _ & k
N 2
i=1
where an i is selected in {1,...,n} uniformly at random and we set
S = fHR=) i i =y,
! yh—l otherwise.

Denoting zF a random variable which takes the value 1 — % with probability % and —% otherwise
(thus with zero expectation), this is equivalent to

b= (1= 2o LA k() = )
) M | () P s P e |

i=1

e [(1 _ 1) TP g @) 4+ (BT [P - y’“]] :

n
with
I fi(x) 21
e=| : |ermr,  f@=| : |erw F=| : |ecrwr
I fo(z) anl
Using this definition of z*, we have E[(z*)(2*)"] = 1T — Lee". Note that, for a given k, the
variables z¥, ..., 2¥ are not independent.

We also use the notation

v fi(z")

0k _ k c ]R(TL+1)]97 9 = fl ( ) c R(n+1)p ]
Yn n(T*
ok x*

Finally, if M is a tp x tp matrix and m is a tp X p matrix, then:

e diag(M) is the tp x p matrix being the concatenation of the ¢ (p x p)-blocks on the diagonal
of M;

e Diag(m) is the tp x tp block-diagonal matrix whose (p x p)-blocks on the diagonal are equal
to the (p x p)-blocks of m.
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A.2 OQOutline of the proofs
Each Proposition will be proved in multiple steps.

1. We shall find a Lyapunov function @ from R™*+DP to R such that the sequence EQ(6*)
decreases at a linear rate.

2. We shall prove that Q(%) dominates ||z* —z*||? (in the case of Proposition 1) or g(x*) — g(z*)
(in the case of Proposition 2) by a constant for all k.

3. In the case of Proposition 2, we show how using one pass of stochastic gradient as the initial-
ization provides the desired result.

Throughout the proofs, Fi will denote the o-field of information up to (and including time k), i.e

F is the o-field generated by z', ..., 2*.

A.3 Convergence results for stochastic gradient descent

The constant in both our bounds depends on the initialization chosen. While this does not affect the
linear convergence of the algorithm, the bound we obtain for the first few passes through the data is
the O(1/k) rate one would get using stochastic gradient descent, but with a constant proportional
to n. This problem can be alleviated for the second bound by running stochastic gradient descent
for a few iterations before running the SAG algorithm. In this section, we provide bounds for the
stochastic gradient descent algorithm which will prove useful for the SAG algorithm.

The assumptions made in this section about the functions f; and the function g are the same as the
ones used for SAG. To get initial values for 20 and y°, we will do one pass of standard stochastic
gradient.

We denote by 0% = £ 37 || f/(2*)||? the variance of the gradients at the optimum. We will use the
following recursion:

=i -, (37
Denoting 8§ = E||Z* — 2*||2, we have (following Bach and Moulines| (2011)))

Ok < Ok—1 — 27k(1 —L)E [¢/(@F 1) T (@ — 2)] + 29202

Indeed, we have

~k—1

125 = ™)) = H”“ S TS s B G Rl N G
<Nt =2t |P = 29l @D T @ = 2t) + 29807, (@) + 2971155, (1) = £ ()1
<Nt =2t |P = 2y (@D T @ = 2t) + 297 7, ()P
+ 2L (f (@571 = fi (@) T @ -2t

By taking expectations, we get
E (|78 — 2*|P[Foa] < 3 =P =2y (@) T @ —a") + 20707 + 2L (@ T (@M —a)
E[z" —2*|?] < E[#" " —2*?] — 2% — wD)E [¢@E" T @ —2%)] + 2770?

Thus, if we take
1

(T
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we have v < 27;(1 — v L) and

6k < 5k71 _'YkE [g/(jk—l)'l'(mk—l _ .’17*)] + 2720_2
< Ok_1— Yk {]E [g(xkil) — g(x*)] + H(h,l} + 2720% using the strong convexity of g
1 1
*f(sk + < - > 6k 1+ 2’)%0'
Tk V&
- (2L + %k) Sk + (2L + §(k - 1)) Sk—1 + 27,02 .

=
<
—
8
N
L
~—
\
)
—
8
*
~—
N

Averaging from i = 0 to k — 1 and using the convexity of g, we have

k-1 k
1 _ 2L 20?
EE Eg(kl)—g($)<*50+7k E Yi

1k1
() B 25

1=0
oL 202 & 1
< “ 0 _ .2 o -
PR B 2220 + bi
2L 202 (F 1
< 7L 0 _ k|2 - = dt
|27 = 2"I7 + = o 2L+ Bt
2L ,  4o? uk
<= 1P+ 10g (14 25
e a1+ o (1447

A.4 TImportant lemma

In both proofs, our Lyapunov function contains a quadratic term R(6%) = (9% — 6*)T < bf—lr lc) ) (6% — 0%)

for some values of A, b and c. The lemma below computes the value of R(6*) in terms of elements
of §F—1.

Lemma 1 If P = < ) for A e R"P*"P h ¢ R™*P gnd ¢ € RP*P| then

sl (it e

4= )T | (12 2) 8+ % Ding(ing($)] (6! - 7))

n

]‘—k1:|

(f'(@*1) = f'(2")) " Diag(diag(8))(f'(z*7") = f'(z"))
(y"~! = f'(2")) " [S — Diag(diag(8))] (f' (") — f'(z"))
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with
o2

S=A- gbeT — gebT + f2eceT .
n n n

Note that for square n x n matrix, diag(M) denotes a vector of size n composed of the diagonal
of M, while for a vector m of dimension n, Diag(m) is the n x n diagonal matrix with m on its
diagonal. Thus Diag(diag(M)) is a diagonal matrix with the diagonal elements of M on its diagonal,
and diag(Diag(m)) = m.

Proof Throughout the proof, we will use the equality ¢'(x) = e f’(2)/n. Moreover, all conditional
expectations of linear functions of z* will be equal to zero.

We have
E {(a’“ -7 ( b’i ﬁ ) (0% — %) fk_l}

= E [ = f'(@") AW" — (@) + 20" = (@) Tba" —a*) + (2" —2") Te(a® — 2")|Frea]

(8)
The first term (within the expectation) on the right-hand side of Eq. is equal to
2
* * 1 — * — *
W= FENTAGE ) = (1= 1) R - TG - )

F (P = ) TAG ) - F @)

+ [Diag(2*) (' (a*71) — y* )] T A[Diag(*) (' (a*1) — yF 1)

2 (1-5) 0 ST - ).

n

The only random term (given Fi_1) is the third one whose expectation is equal to

E [[Diag(=")(f/ (") — 1)) ADiag(z*)(f (¥ ) — 4 )| Fi1]

= 20 )T [ Dinglding(a) - a] (74 - ).

The second term (within the expectation) on the right-hand side of Eq. is equal to
1

—_
|

(yk - f/(l‘*))Tb(a}k — .7;*) = ( ) (yk71 _ f/(.r*))Tb(J;k71 _ x*)

3|

+ %(f/(xkfl) _ f’(l‘*))—rb(ﬂjk71 _ I*)
2
- % (1 - 711) (" = @) e (" = f(2))
- <1 - i) (F/(@*Y) = /@) e (1~ f()
- (1 B i) ("L = 1) The T () — [ ()
= 9L () = ) THT () - )
— = [Ding(=*)(f/(«" 1) ")) T [(F@F) =y )]
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The only random term (given Fi_1) is the last one whose expectation is equal to

E [[Diag(=")(f'(z"~1) =" OI"b(") T [(F' (") = y" )] 1 Fa—i]

= 27t T (Diaglding(ve) — 1T ) (£ 5.

The last term on the right-hand side of Eq. is equal to

(l‘k _ l‘*)TC(l‘k _ J?*) _ (:r,kfl _ :L’*)Tc(zkfl _ 1'*)

n %z (1 _ 1>2 ("t = f(@) Tece (¥t = f/(a%))
%%(f’(x’“l) J'(@)) Tece (£ - f'(a7))

. ( _ i) (#F1 = 2*)Tee (" = f/(a"))

-2 ) e ()~ £)

+2§i< _ D( L f @) Tece T (1 (@) = f/(2%))

a? T

F ST E =) e [T -]
The only random term (given Fj_1) is the last one whose expectation is equal to
E [T (@)~ ] e [T )] 1Fi
= 207t — )T [ Ding(ding(ece)) — S| (715 - ).
Summing all these terms together, we get the following result:
E [(9’c -7 ( bfi i ) (0F —07)

:< ‘i) W ) TS - )
1

]:k—l]

L) — )T - )

L) < )T Ding(ding() - 18| (7 — )
2 (1= D) 0 - TSI - )

2 (1= ) 0r - )T - S @ - 0

Fo () = ST b Do (@ - a0)

4 (@ =) Tl — 2%
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Rewriting /(a1) — 41 = (/1)  £/(a)) — (/" — /(")) we have
fl@t=t) =y’ [Diag(diag(SD - 7115} (f' (1) =)
— (/™) - /") |Ding(aiag($)) - 25 () - )
P = 1) [Ding(aiag($) - 18| (4 - 1)
~ 204 - )T [ Diagding(s) - 15| (/) - 1)
Hence, the sum may be rewritten as

[T()}

= )T [(1-2) 5+ L Ding(aing(s))| 64 - 1)

—~
W‘
H
\

+%u< Y~ a*)T Ding(ding(8))(f' () - ("))
2R~ /@) — Diag(diag($)] (/) ~ /("))
+2(1—71L>(yk_1—f T[b % ]
+%W@“U—f@ﬂf@—%whﬁl—wﬂ
+ (2P =) Te(@h ! — 27)

This concludes the proof. =

A.5 Analysis for o = ;-

We now prove Proposition [T} providing a bound for the convergence rate of the SAG algorithm in
the case of a small step size, a =

Proof

2nL "

Step 1 - Linear convergence of the Lyapunov function

In this case, our Lyapunov function is quadratic, i.e.,

c

)= -7 (i L)),
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We consider

A = 3na’l+ a—(f —2)ee’
n
1
b = —a(l—-)e
c = 1
S = 3na?l
«
b——ec = —ce.
n

The goal will be to prove that E[Q(8%)|Fr_1] — (1 — §)Q(0%~1) is negative for some § > 0. This
will be achieved by bounding all the terms by a term depending on ¢’(x*~1)T(2*=! — 2*) whose
positivity is guaranteed by the convexity of g.

We have, with our definition of A, b and c¢:

S — Diag(diag(S)) = 3na®I — 3na’*I =0
e (f'(a) = f'(a") = nlg'(@" 1) = ¢'(z")] = ng' (") .

This leads to (using the lemma of the previous section):

E[Q(6")| Fr—1] = E{(Qk -7 ( I?r lc) > (0% — %)

]:k—l]

= (1= 3) et - )T - )
4 (:Ek—l _ m*)T(l‘k_l _ .Z‘*) _ %(xk—l _ x*)TeT(f/(.’I}k_l) _ f/(x*))

+32(f (@) = @) T (@) = f (@)
— 2« (1 _ i) (yk—l _ f/(l'*))Te(.’I}k_l _ .’L'*)

- (1 N i) 3na(y* ! — f/(2*) T (W - (@)
=+ (l'k_l _ x*)T(mk—l _ .T*) _ za(mk—l _ m*)Tgl<xk—1)
+3a2(f'(@F ) = f1@) T (F @) — f(@)
“2a (1o 0) 0P - ) e )

< (1= L) snatth - ST - 1)
+ (xkfl _ x*)T(l‘k71 _ ZC*) _ 205(1,](571 _ x*)Tg/(xkfl)
k

+3a*nL(zt — %) T g/ (")

“2a(1- L) R ) el ).
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The third line is obtained using the Lipschitz property of the gradient, that is

('@ = f@)) T (f' @) = @) = Z 17 ="71) = fi@")I?

We have
k—1 k—1 *\ T A b k—1 *
R R e M (R IC e

(-0 - )T [t % (5 2) | 47 - )
=+ (1 _ 5)(.%‘k_1 _ aj*)T(CEk_l _ .%‘*)

~2a(1-9) (1= 1) 04 - ) et 0.

The difference is then:
EIQ(0")|Fis] — (1— 5)Q(6°)
<@ - £ [t (5- D)1 a-9E (2o 1) eeT] 04 - £
+ (R — )T (@ — )

— (2a — 3a*nL)(z" 1t —2*) T g/ (2F71)

~20 (12 1) 047 - ) el - ),

Using the fact that, for any negative definite matrix M and for any vectors s and ¢, we have
T T L,
s Ms+s té—ZtM t,

we have, with

2
M = [3na? (5—1>I+(1—5)a (2—1>66T:|
n n n

T _ T
_ [W (5_1) (z_ee)+a2 (3n5_1_25+“) ]
n n n n
o
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W = 1) e (5- D) 1 - 9% (2- 1) eeT] 04 - £
~20 (1= 1) 047 - ) el - )

0—1

T _1
+a? <3n5 -1-25+ ) ee} e(zt —z*)

n
026 (1 1)n

_ n k—1 _ %2
a2 [3715—1—25—1—6”;1]”$ ol
2 (1-1)n

‘xk—l _ 73*H2 .

_3n5—1—25+“*71|

A sufficient condition for M to be negative definite is to have § <

The bound then becomes

1
3n"

E[Q(6")|Fr—1] — (1= 9)Q(* ") < =(2a = 3a’nL)(z* " —a*)

T 7

9

+<5_[ 71— 3)°

3nd —1—26 + 2=1]

We now use the strong convexity of g to get the inequality

_ 1 e _
||l‘k 1—33*”2 < *(l‘k 1—$*)Tg/($k 1).

=

This yields the final bound

6% (1-

1
n

,)2

()

n) ||$k_1 _ x*HQ )

n

E[Q(0)|Fr_1] — (1 = 6)Q(OF 1) < — <2a —3a’nL +

[3n0 —1-26+ 1 p

é
I

> (.Tk_l _ J)*)

Tg/

Since we know that (z*~! — 2*)T¢/(2*~1) is positive, due to the convexity of g, we need to prove

52 (1 1) 5
that | 2a —3a’nL + (1=s) 2 2 ) is positive.
[Bnd —1—-20+°p p

21

(mk—l).



; - _n — 1 sives
Using § = gt and a = 5.7 gives

271
YT Uit S MU N SO SUE BN SN Uk
o — oo™ n —_—— —_- = — = — _
306 —1-2+1)u p nL 4nL  8nL 1—3nd+26+ 10
1 2%
277
8nlL 1—3nd
1 124
— _ _64nLZ?
3
nL _87/L
> 1 _645L2
“8nL  1-3
_ ! p
~ 8nL  40nL2?
1 1
~ 8nL  40nL
>0.

Hence,

E[Q(0%)|Fi1] — (1 - 6)Q(0" 1) < 0.
We can then take a full expectation on both sides to obtain:

EQ(6%) — (1 — 0)EQ(6* 1) <0.

Since @ is a non-negative function (we show below that it dominates a non-negative function), this
results proves the linear convergence of the sequence EQ(6%) with rate 1 — §. We have

BQ(0) < (1- g) Q).

Step 2 - Domination of ||z* — z*||? by Q(6%)

We now need to prove that Q(6%) dominates ||z* —x*||2. If P— ( 8 10[ ) is positive definite, then
3

Q%) > gll=* — ™|,

We shall use the Schur complement condition for positive definiteness. Since A is positive definite,
the other condition to verify is %I —bTA ' = 0.

2 1 2 2 741 2 1_;2 T
SI—a*(1-=) e’ 3n0z2—|—af—2a2 e e=—1 u&
3 n n n 3

_3n+%—2 n
2 n ee'
— =1 — —
3 n—2 n
=0forn>2,

and so P dominates 0 10 .
0 3I

This yields
El|z" —z*||* < 3EQ(6")



We have

2

2 + (1-2n)x
n2

Q(6°) = 3na? Z Iy — fi(

Zy?

g

2a<1711> P <Zyl>+llx z”||?

n—l
(@ (m)w e

2
4 L2 ZHyl ’L || 3L

Initializing all the 39 to 0, we get

302
0 * (12
Q) = J7 + 2 — 27|,

and

" v 90 .
Ell* — 2|2 < (1- SnL) <4L2 +3)2° — ||2> .

A.6 Analysis for a = ﬁ

Step 1 - Linear convergence of the Lyapunov function

We now prove Proposition [2] providing a bound for the convergence rate of the SAG algorithm in

the case of a small step size, o = ﬁ

We shall use the following Lyapunov function:
. X A b .
Q") =29 (*+ 5cTyF) ~2gtan) 4 0 -0 (30 ) @8- 0).
with
A= I +— (1 — 2v)ee
= —ve
c=0.
This yields
S="1271 ZeeT
n n
(1+n)a

(ee” —1)

Diag(diag(S)) = 1

S — Diag(diag(S)) = %
(1— ) S+ = 1 Dlag(dlag(S’)) (1_ 2) [@[Jrgeg 4 1 ﬂl_ (1_ i) %eeT+ (n— %1

n n n n n n
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We have

E[Q(0")|Fi-1] - (1 - 9)Q(0" )
= 29(a" 1) — 2g(2") = 2(1 = O)g (a7 + T Y + 2(1 - d)g(a”)

F @ = )T [(1 - i) %eeT + <n - ”nl) %1 —1-0r

—(1-3 %(1 —2w)ee | ("7 = F(2*))

_ Zl(mk—l _
n

)T () ~ )
# LD bty )T () - F(a))

n2
P = )T [ 1 () - )

#2 (50l - ) el - e,

Our goal will now be to express all the quantities in terms of (z¥~! —2*) T ¢/(2*~1) whose positivity
is guaranteed by the convexity of g.

Using the convexity of g, we have
—2(1-4)g (:Ck_l + %eTyk_l) < —-2(1-9) {g( By g (2" e Tyk_l} .

Using the Lipschitz property of the gradients of f;, we have

('@ = f@)) T (f' (@) = (@) = Z £ (") = fi")I?

7%(%’“71 7$*)T€T(f/(f£k71) . f/(CE*)) _ 721/(.’£k71 o I*)T‘gl(lﬂkil)
20— ) TeeT (1Y) — Fa7) = 22— f(at) Teg! (25 )
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Reassembling all the terms together, we get

E[Q(6")[Fr-1] — (1 = 0)Q(6" )

< 25[9(:0’“71) o 5g(x*)] + 2(siag/(l,lcfl)e"rykfl
n

+ @ = )T [(1 - i) Seel + (n - ’7;1) S EEDESS

(1= 021 = 2w)eeT | (4 = f'(a"))

n

n

- (21/ _ {14 mjal ”)O‘L> ("1 = )T (a5

SR )T (Y - @)

n?
1
+2 (n - 6) vyt = f(2*) Te(ah Tt — 2).
Using the convexity of g gives
20[g(«* ") — 8g(2*)] < 28[" 1 — &%) Tg ("),
and, consequently,

E[Q(0%)|Fk-1] = (1 = 8)Q(6")

)3

~(1= LI - (191 - 2w)ee”| (4" - /("))

— (21/ _a +:)aL) (@t —a) Ty (")
SR )T (P - )

+2 (i — 5) vyt = fa*) Te(ah Tt —2%) .
If we regroup all the terms in [(z%~1) — (2*)] "¢’ (z*~1) together, and all the terms in (y*~! — f/(2*)) T
together, we get
E[Q(0")|Fi—1] — (1 = 9)Q(0* )
e L | = PR =R ) P [t

_ <2V —925 — (1 +77)aL) (xk—l _ x*)Tg/(xk—l)

SUET = P + G - el =) + eg ()|

25



Let us rewrite this as
E[Q(6%)| Fr1a] — (1 —6)Q(6")
-
e L O e N )

+Tz7g(zk71 o x*)Tg/(xkfl)

+ (ykrfl o f/(x*))T [Twa(fl(xkfl) o f/(l'*)) + Ty@e(xkfl _ x*) + Ty’geg,(lﬂkil)}

with

1 L

Topg = —(2V — 26 — ( +:)a )
2
Ty, f )
1

Ty’x:2<n_6)y

20«
Ty,g .

Assuming that 7, ; and 7, . are negative, we have by completing the square that

e@T
W= DT (al 700 ) 47 = )

+ (yk—l o f/(x*))'l' (Ty’f(f/(xk_l) _ f/(fE*)) +Ty’me($k_1 _ 1'*) + Ty,geg/(xk_l))

<=1 (rus () = /@) + e = ) 4 7, eg' (@) T ( 1 (I_ ) + 1)

4 Ty,1 n Tyl T Tye T
1 k—1 1( % k-1 _ = 1 k—1
(s (F1 (@71 = f(2) + 7y we(a a*) + 7y geg' ("))
LT b PR 1o k—1v(2 1 1
= —— == T — ' (z — -7 .n T -
T IS = @I = gl P (e
1 72 n 1 72 n
_ Z Y,z ka—l _ .’L'*||2 _ 1 Y.9 H I(.Tk_l)HQ
Tyl T Tye Tyl T Ty,e
L Ty fTya i1 T 1/ k=1 LTyt Ty g™ o g0 k=12 L TygTye™ k-1 T 1/ k—1
e C A T — =g " e C A x ,
T )T () g T g (a2 g e g )

where we used the fact that (f/(zF=1) — f/(2*))Te = ¢/(z¥~1). After reorganization of the terms,
we obtain

NTy.z
2(1y,1 + Tye)

1 1 1 1 72.n L 7y tTy.qn _
_ [475,fn< _) + = Y,9 + = y,f'y,9 Hg/(xk 1)”2

E[Q(6")|F_1] - (1 - 5)Q0*) < [ - (s + )} (&1 — ") g ()

Tyl T Tye Tyl A1y +Tye 2Ty1+Tye

1T'Ef 1ok—1 oz L Toen k-1 )2
E— — - = : [l |
L ||
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We now use the strong convexity of the function to get the following inequalities:

£/ (@) = f'(@)))? < Ln(a®t —2%) Tg/(«*7)
1
”xkfl o iE*”Q < 7(:Ck71 . x*)Tg/(xkfl) .
I
Finally, we have
k k-1
ElQ(0%)[Fre—1] — (1 = 6)Q(6")
2 2
nr, InT 1 7.0
<|rpg = 0% (g ) o wr T kel T
9 2(Ty,I+Ty,e)( v, f y7g> 47, Aty try. ) g
1 1 1 1 7,.n 1 Ty tTyqgn
— ,Tyz’fn ( _ ) + = Y9 L Ty, fTy.g ||g’(:vk_1)||2 .
4 Tyl + Tye Tyl ATy 1+ Tye  2Ty1+ Tye
Ifwechoosec;:%withgg%,V:i,n:Qanda:m,weget
1 (26 1 1-26 _
Ty =—— I —=-=]=-"-"K
wl 2n2u\n n 2n3u
1 (6 2 1 5 1 5
e = —— ——4+—(1-- =—[1-6+—-]<0
v, 2nu (n n + n ( n)) 2n2p ( + n)
1 25 3L 3L 1-20
Tx = — _— — = = —
9 n n  2n?u 2n2 n
1
Ty.f = e
1-0
Ty 3
5
Ty,g = ﬂ
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2 2
N7y InTyy 1 Tyen
T Ty f + Tyg) — — 2L — —
T 2(ryr + 7'y,e)( vt 7o) 4 1yr AP Ty s+ Tye
3L 1-25 R e 1 U5N
= 2n2p n Ty, I + Ty,e 4 ér_ﬁ?ﬁ Ap Ty 1+ Tye
_ Lz, 1 1-25 1 (1—5)2+(1—5~)(25~—1)
nfu |2 2(1—26) n wn3(Ty 1 + Ty.e) 4 2n
L 2-3 1-2 1 (1-0)2
< = = — + — —
FG 0 i (e (55))
L 2-35 1f25Jr (1-10)2

nu1—25 n 92— 45 + 2n — 2nd + 20
L 2-35 1_25+ 1-6
nu1— 25 n 2(1+n)
L 1-3 1-20 1-¢
1 ox +
nep1—26 n 2n
i2—35_1—35
n’u1—25  2n

N

This quantity is negative for 5 < % and £ > 465

“ n(1-26)(1-38)"
to have Z# > 8.

To finish the proof, we need to prove the positivity of the factor of ||g’(z*~1)||%.

1 1 1 1 T2, 1 n o n 1
,Ts_fn ( _ ) + Y,9 + Ty, fTy,gn _ T (T + Ty,g)2 _
4% Tyl T Tye Tyl ATy 1+ Tye 2Ty1+Tye ATy 1+ Tye
2
n (Ty,r + Ty,g) nTyf
~ 4 Ty,[ 4 Ty’[
n
= ir, Ty,g(2Ty,f + Ty.g)
>0

Then, following the same argument as in the previous section, we have

EQ(6") < (1 - 1>kQ(9°)

8&n
o O P

with 6% = L 37 || f/(z*)||* the variance of the gradients at the optimum.

Step 2 - Domination of g(z*) — g(z*) by Q(6%)

We now need to prove that Q(6%) dominates g(z*) — g(z*).
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Q(0") =29 (mk + %eTyk) — 2g(z*) + (9’“ —0)T ( bé I; ) (0" — )

« 2 n-—1
—9 (’“ QT )—2 — E_ fl(a¥) T2
g (=" +—ely g(@*) + ~ E [|ws + 2n3MII€ yll

1
E(xk —Z‘*)T( T,k

2

1 1Tk k 1Tk *
+2Hne y = —eTyt = fl")

using the convexity of g and the fact that Z fl(x*) =0

n—-1 + 9 1 4 T T,k
+2n3HHe yI* = ~(@" —2%) (e y")

Ty — fl(@")

2nl
L T2
+ G Tl

2a 1 i n+1
> 29(e) ~ 2000 + (20 4 = L6 ) €T el

by dropping some terms.

200 1

The quantity on the right-hand side is minimized for eTy = % (22 —2%) — 22¢/(2¥)). Hence,
we have

" n3 1 . 20
Q) > 29(a") = 29(a") = 5= | = at) = SR/ @)
3 2
_ ky L R O T T S o TR VRN SN RE o O S Sy
— 29(a*) - 29(a") 2(nH)(ngnw S+ Sl @I - et ) o )
> 29(%) — 29(a") — o " (e a2+ 2 g

using the convexity of ¢

, ; nj L .
> 2g(a*) — 2g(2*) - 2n+1) (1 + 2) [la* — a*||?

using the Lipschitz continuity of ¢

. nyu 65
> 2g(a") — 2g(a*) — m@”xk -
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We thus get
E [9(z") - g(a*)] < 2EQ(6")
< \"17, o 02
~(1-5) [0 - o+ 5

8

Step 3 - Initialization of 2" using stochastic gradient descent

During the first few iterations, we obtain the O(1/k) rate obtained using stochastic gradient descent,
but with a constant which is proportional to n. To circumvent this problem, we will first do n
iterations of stochastic gradient descent to initialize z°, which will be renamed z™ to truly reflect
the number of iterations done.

Using the bound from section [A-3] we have

n—1
1 i N 2L, wyo  4do? Un
]Eg(ng x)—g(x)<n||x -z +W10g(l+ﬁ)'

. —1 ~;
And so, using z" = 1 3" " & we have for k > n

k—n
1 14L 2802 un 70
E ky _ * <[(1-— 4,0 %12 1 (1 7) R
[9(a®) — g(z*)] ( Sn) [Sn 2% — &*||* + XY CRET ) R
Since
—n
L) <8
8&n 7
we get
k
1 161 3202 pny | 4o’
Elga®) —g@™)] < (1- =] |5l ="+ T—1 (1 *) T
[g(x )—g(x )] ( 8n> [371 |l=® — 2*||* + 3 og(l+ 1L + ET
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