CS726, Fall 2013
Final Examination
Friday, December 20, 2013, 12:25p—2:25p

Answer ALL questions below. One handwritten sheet of notes (written front and
back) is allowed. EXPLAIN ALL YOUR ANSWERS.

1. Given a line-search function defined by ¢(t) =1 —t+ %tQ for some v > 0 and
scalar ¢ > 0, consider the Wolfe conditions:

o(t) < 6(0) + c1t¢'(0) (0.1)
@' (t) > a9’ (0), 0.2

for given parameters ¢; and ¢z in the interval [0, 1].

(a) Find the subinterval of ¢ values in [0,00) for which the first condition
(0.1) is satisfied.

(b) Find the subinterval of ¢ values in [0, c0) for which the second condition
(0.2) is satisfied.

(¢) Find a condition on ¢; and ¢y that ensures that the conditions (0.1) and
(0.2) are compatible, that is, the intervals found in parts (a) and (b)
have a nonempty intersection. If ¢; < ¢o, is your condition satisfied?

SOLUTION: Note that

o) =1—t+28 (1) =-1+t 0)=1 ¢(0)=-1

B(t) < ¢(0) + c1tg’ (0)
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¢'(t) = c2¢/(0)
& 149t > —co
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s t> 7(1 — CQ).
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(¢) For compatibility we need
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2. The SR1 update formula for an approximate inverse Hessian H, given vectors
s:= 1 — 2 and y := V f(zp1) — Vf(xp), is

(s — Hy)(s — Hy)"
(s—Hy)Ty

(a) The update formula is not well defined when s = Hy. How should you
define the updated matrix H, in this case, and why?

(b) The update formula is also not well defined when s # Hy but yT (s —
Hy) = 0. Show that in this case there does not exist a rank-one update
formula (of the form Hy; = H + aa’) such that the secant condition
s = Hiy is satisfied.

(¢) Using the Sherman-Morrison formula, derive an update formula for the
SR1 approximation B to the Hessian (not the inverse Hessian). The
Sherman-Morrison formula for a nonsingular matrix A and vectors a
and b is as follows:

H+:H+

A tabT AL
TN—1 _ 4—1 _
(A+ab” )" =4 T3 A g

SOLUTION:
(a) When s = Hy, the secant condition s = Hyy is already satisfied by H,
so there is no need to update: We just set H, < H.
(b) We seek a such that s = H y = (H + aa”)y. We have

aaty =s— Hy
s (ra)(dy) =y (s—Hy) =0
= dly=0.
However when we plug a”y = 0 into the formula aa”y = s — Hy, we

obtain s — Hy = 0, which is a contradiction. Hence, no such a exists.
(c) Set

(s — Hy)
A=H, a=(s—Hy), b= ————""—,
( ) y* (s — Hy)
and let B = H~!. We obtain
_ — Hy) -1
H'=|H+(s— Hy (57
* ( )yT(S*Hy)
H~'(s—Hy)(s—Hy)"H '
—H '+ yT(s—Hy)

(s=Hy)TH-'(s—Hy)
1+ yT(s—Hy)

(H's—y)(H 's —y)"
yT'(s — Hy) + (s — Hy)TH='(s — Hy)
(H's—y)(H 's —y)"

S

=H!
i sT(H™'s —y)
_py Bs—y(Bs—y)T
sT(Bs —y) ’

as required.



3. (a) Let Q be a closed convex set and let P(-) denote Euclidean projection
onto €2, that is

._ : o2
P(y) := argmin [|s — yll3.
Show that
[y — P(y)]"[z — P(y)] <0 forall z € Q.

(Hint: Note that since z € Q and P(y) € Q, we have that P(y) + a(z —
P(y)) € Q for all « € [0,1].)
(b) Counsider the problem

1 1
min ) 593% + ng — T1T9 — 3x9
(z1,22)€R
subject to — a1 — a9 > —1,
Tr1 — T2 Z —1.

Show that the KKT conditions are satisfied at * = (0, 1), and deter-
mining the optimal values of the nonnegative multipliers A\; and Ao for
the two constraints.

SOLUTION:
(a) Since P(y) + a(z — P(y)) € Q for a € [0,1], we have by definition of
projection that

IP(y) + a(z — P(y) —ylI> = | P(y) — yII*.

Thus by expanding the left-hand side, and cancelling terms, we have
@
20(P(y)—y)" (z=Py)+a?|e=PW)|* 20 & (P(y)-y)" (:=P(y)) > —gllz—P(y)Hz-I

Since we can choose « as close to zero as we like, we it follows from this
inequality that (P(y) —y)? (2 — P(y)) > 0, as required.
(b) We have

Vi = |, vie =],

:l?gfl‘l*?)

The active set is A* = {1,2} (both constraints are active) so we see A
and A such that

Vf(z") = Aay + Azaz,

ERENON

We find the solution (A1, A2) = (3/2,1/2).

that is,



4. Consider the determination of a quadratic function of two variables using
function value information. That is, we seek the values of the scalars a1,
ai2, age, b1, ba, and c such that for the model function m(x) defined by

1211 [ a a x b 17 [
m(z) = = 1 11 a1z I Ul g
2| x2 aiz a2 T2 bo T2
we have m(y®) = f(y*), for the chosen values y*, i = 1,2,3,4,5,6 and the
given function f. Show that if the points y* all lie on a circle, that is,

ly" = hl3 =7, i=1,2,3,4,5,6,

for some h € R? and some v > 0, then the quadratic m is not well determined
by the six points v, i = 1,2,3,4,5,6.

SOLUTION:

The linear system to be solved for unknowns [a11, a12, ass, b1, b, c]T has 6 x 6
coefficient matrix M, where the ith row of M is as follows:

W% iws), 5% v, v, 1

Points on the circle satisfy the equation
(1) = h1)* + (y5 — h2)* =
which after some rearrangement becomes

2
0
i iiy 1 i i 2
FWD? Wiwe), S v, v, 1 oh,
—2ho
—~ + h2 + h3

Thus we have found a nonzero vector z € R® such that Mz = 0, so M is
singular, so the coeflicients are not well defined.



